Abstract. We give an explicit formula for the twisted gamma factor for a pair of irreducible supercuspidal representations of level zero. We also obtain an explicit formula for the unramified base change of level zero supercuspidal representations.
0. Introduction 0.1. Main result and Motivation. Throughout this note, let F be a p-adic field with residue field of q elements. Denote by o and p the ring of integers of F and the maximal ideal of o.
Let π and τ be irreducible smooth representations of GL n pFq and GL m pFq. Let ψ be a nontrivial character of the additive group of F. The gamma factor γps, πˆτ, ψq was first introduced in [JPSS] , along with an L-function Lps, πˆτq and a local constant εps, πˆτ, ψq.
It is desirable to have explicit formulae for these gamma factors. By [JPSS] , the computation can be reduced to the case of supercuspidal representations. When τ " 1 F is the trivial representation of GL 1 pFq, then γps, πˆ1 F , ψq is nothing but the gamma factor γps, π, ψq in the sense of Godement-Jacquet [GJ] . There are explicit formulae for γps, π, ψq in terms of "non abelian Gauss sums" (See [Bus] , [BF] ; also [BH2] for the GL 2 case). On the other hand, in the twisted case, one has only an explicit formula for the conductor of the local constants εps, πˆτ, ψq (See [BHK2] ).
In this short note, we confine ourselves to irreducible supercuspidal representations of level zero. A smooth representation π of GL n pFq is called of level zero if it contains a nontrivial fixed vector for the subgroup 1`pM n poq of GL n poq. Our main result is Theorem 0.1. Let π resp. τ be an irreducible supercuspidal representation of level zero of GL n pFq resp. GL m pFq, with n ą m. Let ‚ pn, mq is the greatest common divisor of n and m; ‚ r η π resp. r η τ is the regular character of Fqn resp. Fqm that corresponds toπ resp. τ via Green's parameterization (see §3.2, (3. 3)), whileπ resp.τ is the cuspidal representation of GL n pFresp. GL m pFwhich is uniquely determined by π resp. τ (see §3.3, (3.6) ); ‚ N rn,ms:n resp. N rn,ms:m is the norm map from Fq rn,ms to Fqn resp. Fqm; ‚ψ is the character on κ F -F q which is induced by ψ,ψpxq " ψpxq for all x P o. The motivation of our work arises from a question on gamma factors over finite fields that was proposed in [NZ, Conjecture 2.2] . A formula similar to (0.1) for gamma factors over finite fields is given in Theorem 6.3. Let us add some words on the strategy of our method. We first use a result in [BHK1] to reduce the general case to the case m " 1. The main point of our work is then to determine the base change, in the sense of [AC] , of a level zero supercuspidal representation. We use the explicit local Langlands correspondence for level zero representations, developped in [BH3] , to transfer the question to the Galois side. When m " 1, the computation is a consequence of a result on gamma factors over finite fields [Nie2] and a connection formula between gamma factors for level zero supercuspidal represenations and gamma factors over finite fields [NZ] .
Notations and Conventions.
(1) For a smooth representation π of GL n pFq, denote by π _ the smooth dual of π. If π is irreducible, denote by ω π the central character of π.
For representations π i of GL n i pFq, i " 1,¨¨¨, r, denote by π 1ˆ¨¨¨ˆπr the representation of GL n 1`¨¨¨`nr pFq obtained from π 1 b¨¨¨b π r by normalized parabolic induction. For a representation π and a character χ of GL n pFq, denote χπ to be the representation on the space of π given by pχπqpgq " χpgqπpgq. Let |¨| denote the normalized absolute value on F and ν denote the character |¨|˝det of GL n pFq.
(2) Denote by U the group of units in o, by κ " o{p the residue field of F. We fix a uniformizer ̟ in p.
If E{F is a finite field extension, we use the analogous notations o E , p E , U E , etc. The norm map EˆÑ Fˆis denoted N E{F , and the trace E Ñ F is Tr E{F .
We fix a separable algebraic closureF of F. All finite extension of F are supposed to be contained inF. Hence an unramifed extension over F of a fixed degree is unique. For E{F a finite unramified extension, we still use ̟ as a uniformizer in p E .
For a finite field extension K{F, denote by W K the Weil group of K. We will view W K as a subgroup of W F as in [BH2, §28.5 [BH2, §31.3] ), so is γ by (1.1). It turns out that γps, pσ, nq, ψ F q " γps, σ, ψ F q, where we denote by pσ, nq a Weil-Deligne representation and n is the nilpotent part.
1.2. Local Langlands correspondence for GL n pFq. Let A n pFq be the set of isomorphism classes of irreducible smooth representations of GL n pFq and A 0 n pFq its subset consisting of supercuspidal representations. Let G n pFq be the set of isomorphism classes of semisimple Weil-Deligne representations of F of dimension n. Denote by G 0 n pFq the set of isomorphism classes of irreducible smooth representations of W F of dimension n. We identify G 0 n pFq as a subset of G n pFq by letting the nilpotent part be 0. The Langlands correspondence for GL n over F, proved by Harris-Taylor [HT] and by Henniart [Hen2] , is the unique collection of bijections
1 In this note, we do not need the nilpotent part in Weil- Deligne representations. such that the map l F 1 is given by the local class field theory, and that for π P A n pFq, π 1 P A n 1 pFq, we have
The maps tl F n u are first constructed for A 0 n pFq and then extended to A n pFq, using the classification of Langlands, Bernstein and Zelevinsky. We recall briefly this process (see [Hen1, Chapter 2] ). According to [Zel, 9.3] , each essentialy square-integrable representation π is of the form St k pρq, for some k ě 1 and ρ P A 0 n pFq, where St k pρq denotes the unique irreducible quotient of ρˆνρˆ¨¨¨ˆν k´1 ρ. We have
where Sp k denotes the special Weil-Deligne representation of
Denote by AnpFq the isomorphism classes of essentially square-integrable representations. For every π P An pFq, there is a unique αpπq P R such that ν´απ is unitary and square-integrable. Let r ě 1 and π 1 ,¨¨¨, π r be elements of An pFq. Suppose that
Then the representation π 1ˆ¨¨¨ˆπr has a unique irreducible quotient Jpπ 1 ,¨¨¨, π r q. By the Langlands classification ( [Sil] ), each π P A n pFq is of the form Jpπ 1 ,¨¨¨, π r q for some r ě 1 and π 1 ,¨¨¨, π r P An pFq. The isomorphism class of Jpπ 1 ,¨¨¨, π r q does not depend on the order of π i provided that the conditon (‹) is satisfied. We have
Base change and automorphic induction
A key ingredient in our method is to use a formula on the twisted local gamma factors which compares base change and automorphic induction.
Let K{F be a cyclic extension. Recall that, in [AC, §1.6] , base change associates to every π P A 0 n pFq an irreducible smooth representation π K{F of GL n pKq 2 . Via the Langlands correspondence, the base change from F to K corresponds to the restriction to
Assume that K{F is cyclic of degree d. According to [HH] , automorphic induction sends any generic ρ in A n pKq to a unique ρ K{F P A nd pFq (see also [BHK1, §2.5] ). The automorphic induction from K to F corresponds, again via the Langlands correspondence, 2 The definition of π K{F was extended to all π P A n pFq in [AC, ], but we do not need this fact in our context.
to the induction to W F from representations of W K , i.e.,
where ρ is generic ([BHK1, §3.9]).
The following result can be found in [BHK1, A.8] . We supply here a "proof" different than that in loc.cit. Proposition 2.1. Assume K{F to be a cyclic extension. Let π P A 0 n pFq and ρ P A 0 n 1 pKq with ρ generic. Let ψ F be a nontrivial character of F. Then
where Ξ is the group of characters of Fˆthat is trivial on N K{F pKˆq and
Proof. We omit the subscripts in the l
In view of (1.3), we have
Note that, by local class field theory, Ξ corresponds to the group of characters of W F that is trivial on W K . The equality (2.3) follows then from the local Langlands correspondence (1.5) and the simple fact that
where H is a normal subgroup of G of finite index such that G{H is abelian, 1 H is the trivial representation of H and z G{H is the group of characters of G{H. 3. Gamma factors over finite fields 3.1. Baisc facts. In her thesis [Rod] , Roditty considered a finite field analogue of Rankin-Selberg convolution in the same way as in [JPSS] . There she defined the gamma factor (a complex number in this case, instead of a function!) as the ratio appeared in certain functional equations.
We fix a nontrivial character ψ of F q in this subsection. Let U n pFbe the group of upper triangular unipotent matrices in GL n pF. Let
If π is a generic representation of GL n pF, denote by Wpπ, ψ n q the Whittaker model of π with respect to ψ n . We refer to [Nie1] for the undefined notations in this subsection. 
There is a distinguished element in the Whittaker model that can be used to compute the gamma factors.
Proposition 3.2 ( [Gel] , Proposition 4.5). Let π be an irreducible generic representation of GL n pFwith χ π its (trace) character. The functon J π,ψ n pgq " |U n pF|´1 ÿ uPU n pFχ π pguqψ n pu´1q (3.1) lies in Wpπ, ψ n q and satisfies J π,ψ n pu 1 gu 2 q " ψ n pu 1 u 2 qJ π,ψ n pgq, u i P U n pFand J π,ψ n pI n q " 1.
The function J π,ψ n is called the (normalized) Bessel function of π with respect to ψ n . In terms of Bessel functions, we have the following Proposition 3.3 ( [Rod] , Lemma 6.1.4). Let π be an irreducible cuspidal representation of GL n pFand τ an irreducible generic representation of GL m pF, n ą m. Then
3.2. nˆ1 gamma factors. We recall Green's parameterization [Gre] for irreducible cuspidal representations of GL n pF. A character η of Fqn is called F q -regular if the conjugates η s , s P GalpF q n {Fare distinct. Two characters η 1 and η 2 are called equivalent if
2 for some integer j, i.e., they are in the same Frobenius orbit.
Remark 3.4. A character η is F q -regular if and only if η cannot factor through
Let Λ n pFdenote the set of equivalence classes of F q -regular characters of Fqn . Let A 0 n pFdenote the set of isomorphism classes of irreducible representations of GL n pF. Green's parameterization gives a bijection
The (trace) character χ π of π is connected with η π in an explicit way (see [Gel, §6] ). So, by (3.1), the Bessel function J π,ψ n can be expressed in terms of η π .
In view of (3.2), Nien computes the nˆ1 gamma factor as an "abelian Gauss sum" using special values of Bessel functions. Denote by x Fq the set of characters of Fq .
Proposition 3.5 ( [Nie2] , Theorem 1.1). Let π be an irreducible cuspidal representation of GL n pF, n ě 2 and τ P x Fq . Then γpπˆτ, ψq " p´q´1τp´1qq n´1 Gpη π¨τ˝Nn:1 , ψq.
(3.4) where η π is the regular character of Fqn which corresponds to π by Green's parameterization; the Gauss sum G is as defined in (0.2).

Connection with local gamma factors over p-adic fields.
We recall a result of Nien and Zhang which shows that gamma factors over finite fields and gamma factors for level zero supercuspidal representations over p-adic fields are closely related.
A representation π P A 0 n pFq is called of level zero if it contains a nontrivial fixed vector for the subgroup 1`pM n poq of GL n poq. According to [BK, Theorem 8.4 .1], every level zero supercuspidal representation is of the form π -c-Ind
where σ is a representation of GL n poq that is inflated from an irreducible cuspidal representation r σ of GL n pF" GL n po{pq, χ is a character of Fˆsuch that χ| U F equals to the central character of σ and c-Ind is the compact induction.
The character χ and the representation r σ are uniquely determined by π. Let A 0 n pFq 0 denote the set of isomorphism classes of level zero supercuspidal representations of GL n pFq. Theorem 8.4.1 in [BK] then gives a bijection
Convention: For the rest of this note, if π P A 0 n pFq 0 , we shall always denote by r π the second component of the image of π under the bijection (3.6). where r ψ is the character of κ F -F q that is induced by ψ.
Explicit Local Langlands Correspondence for level zero supercuspidal representations
To determine the base change of a representation as indicated in Section 2, we need an explicit knowledge of the local Langlands correspondence. The explicit correspondence for level zero representations of GL n pFq was worked out by Bushnell and Henniart in [BH3] . We recall it here.
4.1. Admissible tame pairs. Recall that a tame pair over F consists of a finite unramified field extension E{F and a character θ of Eˆthat is trivial on U 
(iii) The character θ cannot factor through N E{K for any subextension K{F.
Two admissible tame pairs pE
The degree of pE{F, θq is the degree rE : Fs of the extension E{F. Denote by T n pFq the F-isomorphism classes of admissible tame pairs of degree n.
Let pE{F, θq be a tame pair of degree n. As θ is trivial on U 1 E , it reduces to a character θ of U E {U 1 E -κÊ -Fqn. The pair pE{F, θq is admissible if and only ifθ is F q -regular. Recall that Λ n pFis denoted as the set of equivalence classes of F q -regular characters of Fqn. Then we have a bijection T n pFq ÐÑ CˆˆΛ n pF(4.1) pE{F, θq ÐÑ pθp̟q,θq.
Parameterization of level zero representations.
Firstly, composing (4.1) with Green's parameterization (3.3) and then the description of level zero supercuspidal representations (3.6), we therefore have a bijective map
Secondly, let pE{F, θq P T n pFq. We view θ as a character of W E via Artin's reciprocity map a E , and form the smooth induced representation
Recall that σ P G 0 n pFq is called of level zero if σ is trivial on the wild inertia subgroup of W F (see [BH3] ). Deonte by G 
Unramified base change
We determine the unramified base change of a level zero supercuspidal representation in this section.
For two unramified extensions K and E over F, we will write KE as the compositum of K and E, which is still an unramified extension. Recall that φ is a fixed arithmetic Frobenius element in W F . For two nonnegative integers n and m, let pn, mq denote as usual the greatest common divisor of n and m.
Proposition 5.1. Let pE{F, θq P T n pFq and π " π n pθq as in (4.2). Assume that K{F is an unramified field extension of degree m. Then π K{F " π n{pn,mq pς 1 qˆ¨¨¨ˆπ n{pn,mq pς pn,mq q, (5.1) where, for each i,
is a character of pKEqˆand pKE{K, ς i q is an admissible tame pair. The representation on the right hand side of (5.1) does not depend on the order of these π n{pn,mq pς i q.
Proof. By (2.1) and (4.4), we have
As W E is a normal subgroup of W F of finite index, we can apply Mackey's restriction formula (A.1). Note that, as E{F, K{F are unramified extensions, the inertia groups I F , I E and I K are all the same. Recall that Φ is a fixed geometric Frobenius element in W F , then Φ n (resp. Φ m ) is a geometric Frobenius element of W E (resp. W K ). Therefore we can take tΦ,¨¨¨, Φ pn,mq u to be a set of representatives of double cosets
Note that EK is the unramified extension of F of degree rn, ms, where rn, ms is the least common multiple of n and m, and that W E X W K " W KE . Applying (A.1), we get
It follows from [Ser, Proposition 11, §4, Chap XIII] with ς i defined in (5.2). Note that no two of the representations π n{pn,mq pς i q and π n{pn,mq pς j q are linked in the sense of [Zel] and that the condition (‹) is satisfied, hence the representation π n{pn,mq pς 1 qˆ¨¨¨ˆπ n{pn,mq pς pn,mis irreducible ( [Zel, Theorem 4 .2]) and does not depend on the order of these π n{pn,mqpς i q .
By (1.7), together with (5.6), (5.5) and (5.3), we get Q.E.D.
In particular, we see that an unramified base change of π P A 0 n pFq 0 is again supercuspidal if and only if the degree of the base field extension is coprime with n.
To make use of (2.3) later in our computation, we need one simple observation. Any level zero supercuspidal representation is automorphically induced by a character.
Lemma 5.2. Let pK{F, λq be an admissible tame pair of degree m and π m pλq be the representation as in (4.2). Then
Proof. This follows immediately from (2.2) and (4.4).
Q.E.D.
Main result
Before the proof of our main result, we note that where r η π resp. r η τ is the regular character of Fqn resp. Fqm that corresponds toπ resp.τ via Green's parameterization and G is the Gauss sum as defined by (0.2).
Proof. We split the proof in the following steps.
Step (1). Suppose that pK{F, η τ q is the admissible tame pair that corresponds to τ by π m (see (4.2)). By Lemma 5.2, we have τ " π m pη τ q " p∆ m´1 K η τ q K{F .
Applying (2.3), we get γps, πˆτ, ψq " γps, πˆp∆ The last equality follows from Lemma 6.1.
Step (2). Suppose that pK 1 {F, η π q is the admissible tame pair that corresponds to π. So π " π n pη π q. By (5.1), we get Step (3). Now we invoke the formula (3.7). We have, for each i, that The gamma factor on the right hand side of (6.8) is a gamma facotr over finite fields. From (6.6), the regular character which corresponds to Č π n{pn,mq pς i q is Finally, combining (6.5), (6.7), (6.8) and (6.9) together, we get (6.4).
We can also reformulate a formula for gamma factors over finite fields. 
